PROOF OF THE YANO-OBATA CONJECTURE FOR 
HOLOMORPH-PROJECTIVE TRANSFORMATIONS 



VLADIMIR S. MATVEEV AND STEFAN ROSEMANN 

^ Abstract. We prove the classical Yano-Obata conjecture by showing that the connected com- 

1 ponent of the group of holomorph-projective transformations of a closed, connected Riemannian 

■ Kahler manifold consists of isometrics unless the metric has constant positive holomorphic cur- 

vature. 
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1. Introduction 

1.1. Definitions and main result. Let {M,g,J) be a Riemannian Kahler manifold of real di- 
mension 2n > 4. We denote by V the Levi-Civita connection of g. All objects we consider are 
assumed to be sufficiently smooth. 

Definition 1. A regular curve 7 : / — Af is called h-planar, if there exist functions a, /3 : I ^ M. 
such that the ODE 

(1) V^(t)7(i) = a7(t)+M7W) 

fT^ I holds for all t, where 7 = ^7- 

> ■ 

, In certain papers, /i-planar curves are called complex geodesies. The reason is that if we view 

the action of J on the tangent space as the multiplication with the imaginary unit i, the property 
^ : of a curve 7 to be /i-planar means that V.^(t)7(t) is proportional to 7(t) with a complex coefficient 

of the proportionality a{t) + i- /3{t). Recall that geodesies (in an arbitrary, not necessary arc length 
CO , parameter t) of a metric can be defined as curves satisfying the equation V^(t)7(t) = a{t)j{t). 

o ■ 

Example 1. Consider the complex projective space 



X 



CP{n) = { 1-dimensional complex subspaces of C" } 

with the standard complex structure J and the standard Fubini-Study metric gps- Then, a regular 
curve 7 is /i-planar, if and only if it lies in a projective line. 

Indeed, it is well known that every projective line L is a totally geodesic submanifold of real 
dimension two such that its tangent space is invariant with respect to J. Since L is totally geodesic, 
for every regular curve ^ : I ^ L (- CP{n) we have V^(4)7(t) € T^(j^)L. Since L is two-dimensional, 
the vectors j{t), J{'y{t)) form a basis in T^(t^L. Hence, V^(t)7(t) — a{t)'y{t) + f3{t)J{j{t)) for 
certain a{t),P{t) as we claimed. 

Conversely, given a regular curve a in CP{n) that satisfies equation ([Ij for some functions a 
and (3, we consider the projective line L such that a{0) € L and &{0) E T(j(o)i. Solving the 
initial value problem 7(0) — a{0) and 7(0) — &{0) for ODE ([T]) with these functions a and /3 on 
{L^gpg\i^, J|l), we find a curve 7 in L. Since L is totally geodesic, this curve satisfies equation ([l} 
on {CP{n), gps: J)- The uniqueness of a solution of an ODE implies that a coincides with 7 and, 
hence, is contained in L. 

Definition 2. Let g and g be Riemannian metrics on M such that they are Kahler with respect 
to the same complex structure J. They are called h-projectively equivalent, if every /i-planar curve 
of g is an /i-planar curve of g and vice versa. 
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Remark 1. If two Kahler metrics g and g on (Af, J) are affinely equivalent (i.e.. if their Levi-Civita 
connections V and V coincide), then they are /i-projectively equivalent. Indeed, the equation ([I} 
for the first and for the second metric coincide if V = V. 

Definition 3. Let {M, g, J) be a Kahler manifold. A diffeomorphism / : Af — >■ M is called 
an h-projective transformation^ if / is holomorphic (that is, if f*{J) = J), and if f*g is h- 
projectively equivalent to g. A vector field v is called ^.-projective, if its local flow $j consists of 
(local) /i-projective transformations. Similarly, a diffeomorphism / : Af — )■ Af is called an affine 
transformation, if it preserves the Levi-Civita connection of g. A vector field v is affine, if its local 
flow consists of (local) afflne transformations. An /i-projective transformation (rasp, /i-projective 
vector field) is called essential, if it is not an affine transformation (resp. affine vector field). 

Clearly, the set of all /i-projective transformations of {M,g, J) is a group. As it was shown in 
PT] and [M], it is a finite-dimensional Lie group. We denote it by HProj((7, J). By Remark [1] 
holomorphic affine transformations and holomorphic isometries are /i-projective transformations, 
Iso(f;, J) C AS{g, J) C HProj(f/, J). Obviously, the same is true for the connected components of 
these groups containing the identity transformation: Isoo(g, J) C AfFo(.g, J) C IIProjQ((7, J). 

Example 2 (Generalisation of the Beltrami construction from [71 [M]). Consider a non-degenerate 
complex linear transformation A £ G/„+i(C) and the induced bi-holomorphic diffeomorphism 
/a : CP{n) — >■ CP{n). Since the mapping sends projective lines to projective lines, it sends 
/i-planar curves (of the Fubiny-Study metric gps) to /i-planar curves, see Example [1] Then, the 
pullback gA ■— fA9FS is /i-projectively equivalent to gps a-nd /a is an /i-projective transformation. 
Note that the metric gA coincides with gps (i-e., /a is an isometry), if and only if A is proportional 
to a unitary matrix. 

We see that for {'CP{n), gpsi J) we have IsooT^HProjQ. Our main result is 

Tiieorem 1 (Yano-Obata conjecture). Let {M,g,J) be a closed, connected Riemannian Kahler 
manifold of real dimension 2n > 4. Then, IsoQ{g, J) — HProjQ{g, J) unless {M,g, J) can be covered 
by (CP(n), c ■ gps, J) for some positive constant c. 

Remark 2. The above Theorem is not true locally; one can construct counterexamples. We conject 
that Theorem[T]is also true if we replace closedness by completeness; but dealing with this case will 
require a lot of work. In particular, one will need to generalize the results of [12 1 to the complete 
metrics. 

1.2. History and motivation, /i-projective equivalence was introduced by Otsuki and Tashiro 
in [ATi |57J . They have shown that the classical projective equivalence is not interesting in the 
Kahler situation since only simple examples are possible, and suggested /i-projective equivalence 
as an interesting object of study instead. This suggestion was very fruitful. During 60th- 70th, the 
theory of /i-projectively equivalent metrics and /i-projective transformations was one of the main 
research topics in Japanese and Soviet (mostly Odessa and Kazan) differential geometry schools, 
see for example the survey [4? with more than one hundred fifty references. Two classical books 
[52l [62j contain chapters on ft,-projectivity. 

New interests to /i-projective equivalence is due to its connection with the so called hamiltonian 
2- forms defined and investigated in Apostolov et al [H IH [5l |6] . Actually, a hamiltonian 2-form 
is essentially the same as a /i-projectively equivalent metric g: it is easy to see that the defining 
equation [21 equation (12)] of a hamiltonian 2-form is algebraically equivalent to the equation 
which is a reformulation of the condition "5 is /i-projectively equivalent to g" to the language of 
PDE, see Remark [71 The motivation of Apostolov et al to study hamiltonian 2-forms is different 
from that of Otsuki and Tashiro and is explained in [31 [3]. Roughly speaking, they observed that 
many interesting problems on Kahler manifolds lead to hamiltonian 2-forms and suggested to 
study them. The motivation is justified in ^|6j, where they indeed constructed new interesting 
and useful examples of Kahler manifolds. There is also a direct connection between /i-projectively 
equivalent metrics and conformal Killing (or twistor) 2-forms studied in |431 [50l IST] , see Appendix 
A of ^ for details. 
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In private communications with the authors of [31 SI [5J [B] we got informed that they did not 
know that the object they considered was studied before under another name. Indeed, they re- 
derived certain facts that were weU known in the theory of /i-projectively equivalent metrics. On 
the other hand, the papers [3l IH [5j [6] contain several solutions of the problems studied in the 
framework of /i-projectively equivalent metrics, for example the local [3] and global [4| description 
of /i-projectively equivalent metrics — previously, only special cases of such descriptions (see, for 
example, |24| ) were known. 

Additional interest to /i-projectivity is due to a connection between /i-projectively equivalent 
metrics and integrable geodesic flows: it appears that the existence of g that is ft,-projectively 
equivalent to g allows us to construct quadratic and linear integrals for the geodesic flow of g. 
The existence of quadratic integrals was proved by Topalov |59) . Under certain nondegeneracy 
assumptions, the quadratic integrals of Topalov are as considered by Kiyohara in [24j : the existence 
of such integrals immediately implies the existence of Killing vector fields. In the general situation, 
the existence of the Killing vector fields follows from [3J and, according to a private conversation, 
was known to Topalov. Altogether, in the most nondegenerate case studied by Kiyohara, we obtain 
n quadratic and n linear integrals on a 2n-dimensional manifold; the integrals are in involution 
and are functionally independent so the geodesic flow of the metric is Liouville-integrable. In the 
present paper, we will actively use the quadratic integrals. We will also use one Killing vector field 
whose existence is well-known. 

Note that the attribution of the Yano-Obato conjecture to Yano and Obata is in folklore - we 
did not find a paper of them where they state this conjecture. It is clear though that both Obata 
and Yano (and many other geometers) tried to prove this statement and did this under certain 
additional assumptions, see below. The conjectures of similar type were standard in 60th-70th, 
in the time when Yano and Obata were active (and it was also, unfortunately, standard in that 
time not to publish conjectures or open questions). For example, another famous conjecture of 
that time states that an essential group of conformal transformations of a Riemannian manifold is 
possible if and only if the manifold is conformally equivalent to the standard sphere or to the Eu- 
clidean space; this conjecture is attributed to Lichnerowicz and Obata though it seems that neither 
Lichnerowicz nor Obata published it as a conjecture or a question; it was solved in Alekseevskii [5], 
Ferrand ^ISj and Schoen [49J. One more example is the so-called projective Lichnerowicz-Obata 
conjecture stating that a complete Riemannian manifold, such that the connected component of 
the neutral element of the projective group contains not only isometrics, has constant positive 
sectional curvature. This conjecture was proved in [331 l32j \35\ f39| . Though this conjecture is 
also attributed in folklore to Lichnerowicz and Obata, neither Lichnerowicz nor Obata published 
this conjecture (however, this particular conjecture was published as "a classical conjecture" in 
P^l44ii60j ). In view of these two examples, it would be natural to call the Yano-Obata conjecture 
the Lichnerowicz-Obata conjecture for /i-projective transformations. 

Special cases of Theorem [1] were known before. For example, under the additional assumption 
that the scalar curvature of g is constant, the conjecture was proven in [20i. i63j . The case when 
the Ricci tensor of g vanishes or is covariantly constant was proven earlier in pTl [53] . Obata 
[45j and Tanno [56| proved this conjecture under the assumption that the /i-projective vector 
field lies in the so-called /c-nullity space of the curvature tensor. Many local results related to 
essential /i-projective transformations are listed in the survey [42 . For example, in |40l [48] it 
was shown that locally symmetric spaces of non-constant holomorphic sectional curvature do not 
admit /i-projective transformations, even locally. 

A very important special case of Theorem [T] was obtained in the recent paper [12|. Their, the 
Yano-Obata conjecture was proved under the additional assumption that the degree of mobility 
(see Definition [4]) is > 3. We will essentially use the results of [12J in our paper. Actually, we 
consider that both papers, [12] and the present one, are equally important for the proof of the Yano- 
Obata conjecture. The methods of fT^ came from the theory of overdetermined PDE-systems of 
finite type and are very different from the methods of the present paper. 
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2. The main equation of /i-projective geometry and the scheme of the proof of 

Theorem [T] 

2.1. Main equation of /i-projective geometry. Let g and g be two Riemannian (or pseudo- 
Riemanniaii) metrics on M^"-"* that are Kahler with respect to the same complex structure J. 
We consider the induced isomorphisms g : TM —)■ T*M and g^^ : T*M -> TM. Let us introduce 
the (1, l)-tensor A{g,g) by the formula 

/ det a \ 

(2) A{g, -g) = j g" ' ° 5 : ™ ^ TM 

(in coordinates, the matrix oi g~^ o g is, the product of the inverse matrix of q and the matrix of 
9)- 

Obviously, A{g,g) is non-degenerate, complex (in the sense that Ao J = J o A) and self-adjoint 
with respect to both metrics. Let V be the Levi-Civita connection of g. 

Theorem 2 (t40j). The metric g is h-projectively equivalent to g, if and only if there exists a 
vector field A such that A = A{g^ g) given by ([2|) satisfies 

(3) {VxA)Y - g{Y, X)A + g{Y, K)X + g{Y, JX)K + g{Y, A)JX, 
for all X e M and all X,Y e T^M, where A = J(A). 

Remark 3. One may consider the equation ([3]) as a linear PDE-system on the unknown (A, A); 
the coefficients in this system depend on the metric g. Indeed, if the equation is fulfilled for X, Y 
being basis vectors, it is fulfilled for all vectors, see also the formula ^ below. 

One can also consider equation ([3]) as a linear PDE-system on the (1, l)-tensor A only, since the 
components of A can be obtained from the components of VA by linear algebraic manipulations. 
Indeed, fix X and calculate the trace of the (1, l)-tensors on the left and right-hand side of 
The trace of the right-hand side equals Ag{A,X). Clearly, the trace of WxA is trace(Vx^) = 
A'(traceA). Then, A = gradA, where the function A is equal to jtia.ce A. In what follows, we 
prefer the last point of view and speak about a self-adjoint, complex solution A of equation 
instead of explicitly mentioning the pair {A, A) . 

Remark 4. Let g and g be two /i-projectively equivalent Kahler metrics and A(g,g) the corre- 
sponding solution of ([3]). It is easy to see that g and g are affinely equivalent, if and only if the 
corresponding vector field A vanishes identically on M. 

Remark 5. The original and more standard form of the equation (jS]) uses index (tensor) notation 
and reads 

(4) dij^k — ^idjk + ^jdik ~ \ Jjk ~ ^jJik- 

Here a^ . A; and A,; are related to A, A and A by the formulas — gipA^-, \i — gipA^ and 
Aj = -gipAP. 

Remark 6. Note that formula ^ is invertible if A is non-degenerate: the metric g can be recon- 
structed from g and A by 

(5) g=(det A)-^5oA-i 

(we understand g as the mapping g : TM — )> T* M; in coordinates, the matrix of 5 o A^^ is the 
product of the matrices of g and A'~^). 

Evidently, if A is (7-self-adjoint and complex, g given by ^ is symmetric and invariant with 
respect to the complex structure. It can be checked by direct calculations that if g is Kahler and if 
A\& du non-degenerate, ij-self-adjoint and complex (1, l)-tensor satisfying ([3]), then g is also Kahler 
with respect to the same complex structure and is /i-projectively equivalent to g. 

Thus, the set of Kahler metrics, /i-projectively equivalent to g, is essentially the same as the 
set of self-adjoint, complex (in the sense J o A = Ao J) solutions of ([3]) (the only difference is the 
case when A is degenerate, but since adding const • Id to A does not change the property of A to 
be a solution, this difference is not important). 
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Remark 7. As we have already mentioned in Section [1. 2 [ equation ^ is equivalent to the defining 
equation for a hamiltonian 2-forin (see [S] equation (12)]). Indeed, for a complex and sclf-adjoint 
solution j4 of ([3]), the 2-form ^{X,Y) := g{JAX,Y) is hamiltonian in the sense of [3J. 

By Remark [3l the equation (l3|) is a system of linear PDEs on the (1, l)-tensor A. 

Definition 4. We denote by Sol(g) the linear space of complex, self-adjoint solutions of equation 
The degree of mobility D{g) of a Kahler metric g is the dimension of the space Sol(g). 

Remark 8. We note that 1 < D{g) < oo. Indeed, since Id is always a solution of equation we 
have D{g) > 1. We will not use the fact that D{g) < oo; a proof of this statement can be found 
in m] or in [40] , 

Let us now show that the degree of mobility is the same for two ft,-projectively equivalent 
metrics: we construct an explicit isomorphism. 

Lemma 1. Let g and g be two h-projectively equivalent Kahler metrics on {M,J). Then the 
solution spaces Sol{g) and Sol{g) are isomorphic. The isomorphism is given by 

Ai e Sol{g) ^ Ai o A{g,gr^ e Sol{g), 

where A{g,g) is constructed by In particular, D{g) is equal to D(g). 

Proof. Let A = A{g,g) be the solution of ([3]) constucted by formula ([2|). If Ai G Sol((7) is 
non-degenerate, then gi = (det Ai)~^g o Ai"^ is /i-projectively equivalent to g by Remark ([6]) 
and, hence, gi is /i-projectively equivalent to g. It follows that A2 = A{g^gi) G Sol(g). On the 
other hand, using formula © we can easily verify that A2 ~ Ai o A^^. li Ai is degenerate, we 
can choose a real number t such that Ai + tld is non-degenerate. As we have already shown, 
{Ai + tld) o A^^ — Ai o A^^ + tA~^ is contained in Sol(g). Since A~^ S Sol(5), the same is true 
for Ai o A~^. We obtain that the mapping Ai 1 — > A\ o yl(g, g)~^ is a linear isomorphism between 
the spaces 801(5) and Sol(g). □ 

Lemma 2 (Folklore). Let {AI,g, J) be a Kahler manifold and let v be an h-projective vector field. 
Then the (1, l)-tensor 



(6) 



9 



o Cyg - 



trace(g ^ o C^g) 



Id 



2{n + l) 

(where Cy is the Lie derivative with respect to v) is contained in Sol{g). 

Proof. Since v is /i-projective, gt — ($j )*g is ft,-projectively equivalent to g for every t. It follows 
that for every t the tensor At = A{g,gt) is a solution of equation ([3]). Since ([3]) is linear. Ay := 
^ solution of ^ and it is clearly self-adjoint. Since the flow of v preserves the 
complex structure. Ay is complex. Using equation we obtain that Ay is equal to 



d_ 

dt 



/ det gt 
V det g 
1 

2{n+l) 
1 



9t °5 



1 



2{n + 1) \dt det g 



d det gt 



Id 



dt 



9t °9 



t=o 



d det gt 
dt det g 
d det gt 



2{n+l) \dt det g 
Thus, Ay E Sol{g) as we claimed. 



Id 



Id 



9t 



dt^' 



•9t °9 



o Cyg = - 



trace(g ^ o Cyg) 
2(n+ 1) 



Cyg. 



□ 



2.2. Scheme of the proof of Theorem [U If the degree of mobility D{g) > 3, Theorem [T] 
is an immediate consequence of [12} Theorem 1]. Indeed, by [T21 Theorem 1], if D{g) > 3 and 
the manifold cannot be covered by (CP(n),c • gpsi J) for some c > 0, every metric g that is h- 
projectively equivalent to g is actually afhnely equivalent to g. By [27], the connected component 
of the neutral element of the group of affine transformations on a closed manifold consists of 
isometries. Finally, we obtain HProjQ ~ Isog. 
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If the degree of mobility is equal to one, every metric g that is /i-projectively equivalent to g 
is proportional to g. Then, the group HProjQ((7, J) acts by homotheties. Since the manifold is 
closed, it acts by isometrics. Again, we obtain HProjg = Isoq. 

Thus, in the proof of Theorem [1] we may (and will) assume that the degree of mobility of the 
metric g is equal to two. 

The proof will be organized as follows. In Sections [3] and IH we collect and proof basic facts that 
will be used in the proof of Theorem[TJ Certain results of Sections [31 H] were known before; we will 
give precise references. Proofs in Sections [3] and S] are based on different groups of methods and 
different ideas. In Section [3l we use the familiy of integrals for the geodesic flow of the metric g 
found by Topalov [SS]. With the help of these integrals, we prove that the eigenvalues of A behave 
quite regular, in particular we show that they are globally ordered and that the multiplicity of 
every nonconstant eigenvalue is equal to two. The assumptions of this section are global (we 
assume that every two points can be connected by a geodesic). 

In Section HI we work locally with equation ^ . We show that A and A from this equation 
are commuting holomorphic vector fields that are nonzero at almost every point. We also deduce 
from ([3]) certain equations on the eigenvectors and eigenvalues of A: in particular we show that 
the gradient of every eigenvalue is an eigenvector corresponding to this eigenvalue. 

Beginning with Section [SJ we require the assumption that the degree of mobility is equal to 
two. Moreover, we assume the existence of an /i-projective vector field which is not already an 
afline vector field. The main goal of Section [5] is to show that for every solution A of equation 
([3|) with the corresponding vector field A, in a neighborhood of almost every point there exists a 
function /i and a constant B < (that can depend on the neighborhood) such that for all points 
X in this neighborhood and all X,Y € T^M we have 

{WxA)Y = g{Y, X)A + g{Y, A)X + g{Y, JX)A + g{Y, A)JX 

(7) WxA ^fiX + BA{X) 

Vxf^^2Bg{X,A) 

(one should view ([7]) PDE-system on {A,A,fi)). 

This is the longest and the most complicated part of the proof. First, in Section [5TT1 we combine 
Lemma [2] with the assumption that the degree of mobility is two to obtain the formulas (|15|20p 
that describe the evolution of A along the flow of the /i-projective vector field. With the help of 
the results of Section SI we deduce (in the proof of Lemma |8]) an ODE for the eigenvalues of A 
along the trajectories of the /i-projective vector field. This ODE can be solved; combining the 
solutions with the global ordering of the eigenvalues from Section |31 we obtain that A has at most 
three eigenvalues at every point; moreover, precisely one eigenvalue of A considered as a function 
on the manifold is not constant (unless the /i-projective vector field is an affine vector field). As 
a consequence, in view of the results of Section HI the vectors A and A are eigenvectors of A. 

The equation (|20p depends on two parameters. We prove that under the assumption that 
the manifold is closed, the parameters are subject of a certain algebraic equation so that in 
fact the equation (j20p depends on one parameter only. In order to do it, we work with the 
distribution span{A, A} and show that its integral manifolds are totally geodesic. The equations 
()6|20p contain enough information to calculate the restriction of the metric to this distribution; the 
metric depends on the same parameters as the equation (|20|) . We calculate the sectional curvature 
of this metric and see that it is unbounded (which can not happen on a closed manifold), unless 
the parameters satisfy a certain algebraic equation. 

In Section (531 we show that the algebraic conditions mentioned above imply the local existence 
of B and fi such that ([7]) is fulfilled. This proves that the system ([T]) is satisfied in a neighborhood 
of almost every point of Af , for certain i?, fi that can a priori depend on the neighborhood. 

We complete the proof of Theorem [T] in Section [B] First we recall certain results of [T^ to show 
that the constant B is the same in all neighborhoods implying that the system ([7]) is fulfilled on 
the whole manifold. 

Once we have shown that the system ^ holds globally, Theorem[l]is an immediate consequence 
of t56» Theorem 10.1]. 
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2.3. Relation with projective equivalence. Two metrics g and g on the same manifold are 
projectively equivalent, if every geodesic of g, after an appropriate reparametrization, is a geodesic 
of 5. As we already mentioned above, the notion "/i-projective equivalence" appeared as an attempt 
to adapt the notion "projective equivalence" to Kahler metrics. It is therefore not a surprise that 
certain methods from the theory of projectively equivalent metrics could be adapted to the h- 
projective situation. For example, the above mentioned papers [201 [63l [1] are actually /i-projective 
analogs of the papers (SOI III] (dealing with projective transformations), see also [inilSl]. Moreover, 
[Ml [57] are /i-projective analogs of |23l [55] , and many results listed in the survey [52] are h- 
projective analogs of those listed in |41) . 

The Yano-Obata conjecture is also an /i-projective analog of the so-called projective Lichnerowicz- 
Obata conjecture mentioned above and recently proved in |39[ [55] , see also [521 [55] . The general 
scheme of our proof of the Yano-Obata conjecture is similar to the scheme of the proof of the 
projective Lichnerowicz-Obata conjecture in [SS]. More precisely, as in the projective case, the 
cases degree of mobility equal to two and degree of mobility > 3 were done using completely 
different groups of methods. As we mentioned above, the proof of the Yano-Obata conjecture for 
the metrics with degree of mobility > 3 was done in [12] . This proof is based on other ideas than 
the corresponding part of the proofs of the projective Lichnerowicz-Obata conjecture in |39[ 137). 

Concerning the proof under the assumption that the degree of mobility is two, the first part of 
the proof (Sections [51 15. ip is based on the same ideas as in the projective case. More precisely, 
the way to use integrals for the geodesic flow to show the regular behavior of the eigenvalues of A 
and their global ordering is very close to that of (HI [5T1 |5S1 |SS] . The way to obtain equation (|20p 
that describes the evolution of A along the orbits of the /i-projective vector field is close to that 
in [H] and is motivated bv [5^ [551 [551 [55] . 

3. Quadratic integrals and the global ordering of the eigenvalues of solutions 

OF equation ([3]) 

3.1. Quadratic integrals for the geodesic flow of g. Let A be a self-adjoint, complex solution 
of equation ([5]). By [59J (see also the end of Appendix A of [3J), for every t G M, the function 

(8) Ff.TM^R, FtiC) ^det (A - tld) g^A - tU)-\, Q 
is an integral for the geodesic flow of g. 

Remark 9. It is easy to prove (see formula (flUl) below) that the integrals are defined for alH G M 
(i.e., even if A — ild is degenerate). Actually, the family Ft is a polynomial of degree n — 1 in t 
whose coefBcients are certain functions on TAI: these functions are automatically integrals. 

Remark 10. The integrals are visually close to the integrals for the geodesic flows of projectively 
equivalent metrics constructed in [28J. 

Later it will be useful to consider derivatives of the integrals defined above: 

Lemma 3. Let {Ft} be the family of integrals given in equation Then, for each integer m > 
and for each number to G M, 

(9) (^^0|*=*„ 
is also an integral for the geodesic flow of g. 

Proof. As we already mentioned above in Remark [HI 

FtiC) = s„-i(C)r-i + ... + si(C)i -I- so(C) 

for certain integrals sq, ...,s„_i : TM — R. Then, the ^-derivatives © are also polynomials in t 
whose coefficients are integrals, i.e., the i-derivatives ^ are also integrals for every fixed to. □ 



8 



VLADIMIR S. MATVEEV AND STEFAN ROSEMANN 



3.2. Global ordering of the eigenvalues of solutions of equation ([3]). During the whole 
subsection let A be an element of Sol((7); that is, A is a complex, self-adjoint (1, l)-tensor such 
that it is a solution of equation ([3]). Since it is self-adjoint with respect to (a positively-definite 
metric) g, the eigenvalues of A^^ ^\t^m a-re real. 

Definition 5. We denote by m{y) the number of different eigenvalues of A at the point y. Since 
Ao J ~ J o A, each eigenvalue has even multiplicity > 2. Hence, Tn{y) < n for all y S M. We say 
that X € M is a typical point for A if m{x) — maxj^g7\/{m(j/)}. The set of all typical points of A 
will be denoted by M° C M. 

Let us denote by fJ-i{x) < ... < /in (a;) the eigenvalues of A counted with half of their multiplic- 
ities. The functions /ii, ...,/Lt„ are real since A is self-adjoint and they are at least continuous. It 
follows that Af° C M is an open subset. The next theorem shows that Af° is dense in M. 

Theorem 3. Let {M,g,J) he a Riemannian Kahler manifold of real dimension 2n. Suppose 
every two points of M can be connected by a geodesic. Then, for every A e Sol{g) and every 
j = 1, ...,n — 1, the following statements hold: 

(1) < Ht+i{y) for all x,y e M. 

(2) If fj,i{x) < at least at one point, then the set of all points y such that fJ.i{y) < 
fJ-i+iiy) ''5 everywhere dense in M. 

Remark 11. If the Kahler manifold is compact, the global description of hamiltonian 2-forms [U 
Theorem 5] implies the global ordering of the eigenvalues (the first part of Theorem [3]) , and this 
is sufficient for our further goals. However, we give an alternative proof which works under less 
general assumptions, and is based on other ideas. 

Proof. (1): Let x G M be an arbitrary point. At T^AI, we choose an orthonormal frame 

{Ui, JUi}i^i „ of eigenvectors (we assume AUi — iiiUi and g{Ui,Ui) = 1 for all i = l,...,n). 

For C G TxM, we denote its components in the frame {Ui, JUi}i^i „ by Q :— g{C,,Uj) and 

Cj '■— ff(Ci JUj). By direct calculations, we see that Ft{C,) given by ([8]) reads 

n r _ n -| 

,,,, ^.(0= E (C' + Cf) n 

= {li2 - t) ■ ... ■ illn - t){Cl + C?) + ... + (Ml - t) ■ ... ■ (m„-1 - t){Cl + 'CD- 

Obviously, Ft{C,) is a polynomial in t of degree n — 1 whose leading coefficient is (— l)"^^g(C: C)- 
For every point x G M and every ( G TxM such that C 7^ 0, let us consider the roots 

ti(x,C),...,i„-i(a;,C) :T,A/->R 

of the polynomial counted with their multiplicities. From the arguments below it will be clear 
that they are real. We assume that at every (x, C) we have ti{x,Q < ... < tn~i{x,Q. Since for 
every fixed t the polynomial Ft is an integral, the roots ti are also integrals. 
Let us show that for every i = 1 , . . . , n — 1 the inequality 



(11) fli{x) < ti{x,C) < l^i+i{x) 

holds. 

We consider first the case when all eigenvalues are different from each other, i.e., fii{x) < ... < 
/i„(x), and all components Q are different from zero. Substituting t ~ fj,i and t — /i^+i in equation 
(fTP)) . we obtain 

Ff^AC) = (mi - A^O • ■•• • - A^O • - Ml) • •■• • (A^n - Mj)(Cf +Cf), 

P^^^+l{C) = (Mi - l^i+i) ■ •■• • (m« - A^i+i) ■ {l^i+2 - IJ-i+i) ■ ■■■ ■ (Mn - Ai»+i)(CiVi + Cf+i)- 

We see that i^^ . {() and F^^^-^ {(,) have different signs, see figure [1] Then, every open interval 
{fii, /ii+i) contains a root of the polynomial Ft{C)- Thus, all n — 1 roots of the polynomial are real, 
and the inequality (fTTj) holds as we claimed. 
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Figure 1. If /xi < < •■• < ^iid all C,i ^ 0, the values of Ft{C,) have different 
signs dX t = Hi and < = /x^+i implying the existence of a root ti such that /^^ < 




Figure 2. The initial velocity vectors C at a; of the geodesies connecting the 
point X with points from U form a subset of nonzero measure and are contained 
in Uf,. 



In the general case, since Ft{C,) depends continuously on the vector ( and on the eigenvalues 
fJ-i{x) < •■• < fJ-nix) of its zeros also depend continuously on and fii. It follows that for 
every x and for all C, € T^M we have that all zeros are real and that ([TT|) holds. 

Let us now show that for any two points x, y we have fii{x) < fii+i{y). 

We consider a geodesic 7 : [0, 1] — M such that 7(0) = x and 7(1) = y. Since Ft are integrals, 
we have Ft{j{0)) = i^f(7(l)) implying 

(12) tK7(0),7(0))=t.(7(l),7(l))- 
Combining (fTTj) and (|12l) . we obtain 

GD (12} EJ 

< <j(x,7(0)) = i,(2/,7(l)) < fit+iiy) 

which proves the first part of Theorem [31 

(2): Assume ~ /ii+i(y) for all points y in some nonempty open subset U C M. We need 

to prove that for every x ^ M we have = /ii-i-i(x). 

First let us show that fi :— fii = fii+i is a constant on U. Indeed, suppose that ^ii{yi) < ^1(2/2) 
for some points 2/1,2/2 € ?7. From the first part of Theorem [3] and from the assumption /i^ — /i^+i 
we obtain 

y-iivi) < ^J'^{y2) < fj'i+iivi) = f^iivi) 

implying /ii(?/i) = /ii(2/2) for all j/1,2/2 G C/ as we claimed. 

Now take an arbitrary point x G M and consider the set of all initial velocities of geodesies 
connecting x with points of U (we assume 7(0) = x and 7(1) G U), see figure [5J For every such 
geodesic 7 we have 

M - Ai.(7(l)) < t.(7(l),7(l)) < M.+i(7(l)) = 
Thus, fi(7(l), 7(1)) = /d. Since the value ii(7(i), 7(t)) is the same for all points of the geodesic, 
we obtain that ti(7(0), 7(0)) = fi. Then, the set 

:={Cer,M: uixX)^^i} 

has nonzero measure. Since is contained in the set 

{CeT.M: F^iO^O} 
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which is a quadric in T^M, the latter must coincide with the whole T^M. In view of formula pop . 
this implies that at least two eigenvalues of A at a; should be equal to fj,. Suppose the multiplicity 
of the eigenvalue fi is equal to 2k. This implies that iir+i{x) = ... = fir+kix) = /i, fJ-ri^) 7^ fi and 
Hr+k+i (x) fJ.- If i e {r + 1, r + fc — 1}, we are done. We assume that i ^ {r + 1, r + fc — 1} 
and find a contradiction. 

In order to do it, we consider the function 

F -.RxTM ^R, FtiO ■.^Ft{0/{t-fi)''-^. 

At the point x, each term of the sum (jlOp contains {t — /i)*^^^ implying that i^t(C) is a polynomial 
in t (and is a quadratic function in C). Since for every fixed to the function Ft^ is an integral, the 
function Ftg is also an integral. Let us show that for every geodesic 7 with 7(0) = x and 7(1) G U 
we have that ( -Ft(7(0)) ) = 0. Indeed, we already have shown that ii(a;,7(0)) = fi. By similar 

arguments, in view of inequality (jlip . we obtain tr+i{x,'y{0)) — ... = tr+fe-i(a;, 7(0)) = ^. Then, 
t — is a root of multiplicity k of Ft{'^{0)) and, therefore, a root of multiplicity fc — (fc — 1) = 1 
of Ft(7(0)) = i^t(7(0))/(i - Finally, ^,.(7(0)) = 0. 

Now, in view of the formula p^ . the set G T^M : -F)i(C) = 0} is a nontrivial (since 
/i,. 7^ 7^ A*r+fe+i) quadric in T^M, which contradicts the assumption that it contains a subset 
of nonzero measure. Finally, we have + l G {r + 1, r + fc} implying fii{x) — fJ-i+i (x) = /i. □ 

From Theorem [31 we immediately obtain the following two corollaries: 

Corollary 1. Let {M,g,J) he a complete, connected Riemannian Kahler manifold. Then, for 
every A G Sol(g), the set M*^ of typical points of A is open and dense in M. 

Corollary 2 ([3j). Let {M,g,J) be a complete, connected Riemannian Kahler manifold and as- 
sume A G Sol{g). Then, at almost every point the multiplicity of a non-constant eigenvalue p of 
A is equal to two. 

4. Basic properties of solutions A of equation ([3]) 

In this section, we collect some basic technical properties of solutions of equation ([3]). Most of 
the results are known in folklore; we will give precise references wherever possible. 

4.1. The vector fields A and A are holomorphic. 

Lemma 4 (Folklore, see equation (13) and the sentence below in [40J, Proposition 3 of [3] and 
Corollary 3 of [12J). Let {M,g,J) he a Kahler manifold of real dimension 2n > A and let he 
A G Sol(g). Let A he the corresponding vector field defined by equation {^P. Then A is a Killing 
vector field for the Kahler metric g, i.e., 

5(VxA,y)+.g(A,VyA) =0 

for all X,Y e TM. 

It is a well-known fact that if a Killing vector field K vanishes on some open nonempty subset 
U of the connected manifold M, then K vanishes on the whole M. From this, we conclude 

Corollary 3. Let {M,g, J) be a connected Kahler manifold of real dimension 2n > 4 and let v he 
an h-projective vector field. 

(1) If v restricted to some open nonempty subset U ^ M is a Killing vector field, then v is a 
Killing vector field on the whole M. 

(2) // V is not identically zero, the set of points My^o :— {x G A/ : v{x) 7^ 0} is open and 
dense in M . 

Proof. (1) Suppose the restriction of v to an open subset f7 is a Killing vector field. Then, gt = 
{^]!)*g restricted to {/' C f/ is equal to g^jj, for sufficiently small t. Hence, A^jj, — A{g,gt)\ui — Id. 
The corresponding vector field At = igrad trace At vanishes (on U') implying Af vanishes (on U') 
as well. Since At is a Killing vector field, Af vanishes on the whole manifold implying Af is equal 
to zero on the whole M. Then, by ([3]), the (1, l)-tensor At — Id is covariantly constant on the 
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whole M . Since this tensor vanishes on U' . it vanishes on the whole manifold. Finally, At — Id 
on M, implying that i; is a Killing vector field on M . This proves part (1) of Corollary[31 

(2) Suppose V vanishes on some open subset U C M. To prove (2), we have to show that v = Q 
everywhere on M . From part (1) we can conclude that u is a Killing vector field on M . Since v 
vanishes on (open, nonempty) C/, it vanishes on the whole M . □ 

The next lemma, which is a wellknown and standard result in Kahler geometry (we give a proof 
for self-containedness) , combined with Lemma |4] shows that A is a holomorphic vector field. 

Lemma 5. Let {M,g, J) be a Kahler manifold. Let K he a vector field of the form K = Jgrad/ 
for some function f . Then K is a Killing vector field for g, if and only if K is holomorphic. 

Proof. We use that VJ = and that Vgrad/ is a self-adjoint (I, l)-tensor. By direct calculation, 
we obtain 

giY,{CKJ)X) = g{Y,JVxK)- g{Y,VjxK) = -g{Yyxgys.df)- g{Y,VjxK) 

= ~g{X, Vy grad /) - g{Y, ^ jxK) = ~g{JX, S/yK) - g{\/jxK, Y) 

for arbitrary vectors X and Y. It follows that CkJ — 0, if and only if K satisfies the Killing 
equation as we claimed. □ 

Corollary 4 ([3J). Let {AI,g, J) be a Kahler manifold of real dimension 2n > 4. Then, for every 
A G Sol{g) the vector fields A and A from (0) are holomorphic and commuting, i.e., 

£a J = CjyJ = and [A, A] = 0. 

Proof. By Remark [31 A is the gradient of a function. Since A — J A is a Killing vector field, by 
Lemma [5] we have that A is holomorphic. Since the multiplication with the complex structure 
sends holomorphic vector fields to holomorphic vector fields, A is holomorphic as well. By direct 
calculations, [A, A] = (£a J)A + J[A, A] = 0. □ 

4.2. Covariant derivatives of the eigenvectors of A. Let A be a complex, self-adjoint solution 
of equation ([3]). On M", the eigenspace distributions EA{fJ.i) are well-defined and differentiable. In 
general, they are not integrable (except for the trivial case when the metrics are affinely equivalent). 
The next proposition explains the behavior of these distributions; it is essentially equivalent to [3l 
Proposition 14 and equation (62)]. 

Proposition 1. Let {M, g, J) be a Riemannian Kahler manifold and assume A € Sol{g). Let U be 
a smooth field of eigenvectors of A defined on some open subset of . Let p be the corresponding 
eigenvalue. Then, for an arbitrary vector X G TM , we have 

(13) [A - pld)\IxU = X{p)U - g{U, X)A - g{U, K)X - g{U, JX)A - g{U, K)JX. 

Moreover, if V is an eigenvector of A corresponding to an eigenvalue t ^ p, then V{p) =0 and 
gradp G Ea{p). 

Proof. Using equation we obtain 

iVxA)U = g{U, X)A + g{U, A)X + g{U, JX)A + g{U, A)JX 

for arbitrary X E TM. On the other hand, since U £ Ea{p), we calculate 

VxiAU) - VxipU) = X{p)U + pVxU. 

Inserting the last two equations in V xi^U) = iV xA)U + AiV xU), we obtain (IT5)) . 

Now let r be another eigenvalue of A, such that p ^ t, and let V € Ea{t). Replacing V with X 

in equation (1131) and using that Ea{p) -L Ea{t). we obtain 

{A - pld)VvU = V{p)U - g{U, A)V - g{U, A)JV. 

Since the left-hand side of the equation above is orthogonal to Ea(p), we immediately obtain 
= V{p) = g{V, grad p) . Thus, grad p is orthogonal to all eigenvectors corresponding to eigenvalues 
difi^erent from p implying it lies in Ea{p) as we claimed. □ 
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5. KAHLER MANIFOLDS OF DEGREE OF MOBILITY D{g) = 2 ADMITTING ESSENTIAL 

/l-PROJECTIVE VECTOR FIELDS 

For closed manifolds, the condition HPioJq ^ Isoo is equivalent to the existence of an essential 
(i.e., not affine) /i-projective vector field. The goal of this section is to prove the following 

Theorem 4. Let (M, g, J) be a closed, connected Riemannian Kahler manifold of real dimension 
2n > 4 and of degree of mobility D{g) = 2 admitting an essential h-projective vector field. Let 
A £ Sol{g) with the corresponding vector field A. 

Then, almost every point y € M has a neighborhood U{y) such that there exists a constant 
B < and a smooth function fj, : U{y) — )• M such that the system 

iVxA)Y = g{Y, X)A + g{Y, A)X + g{Y, JX)A + g{Y, A)JX 

(14) VxA = fiX + BA{X) 

Vxf^^2Bg{X,A) 

is satisfied for all x in U (y) and all X,Y G TxU . 

One should understand as the system of PDEs on the components of {A, A, /x). Actually, 
in the system (|14l) . the first equation is the equation ((3)) and is fulfilled by the definition of Sol((7), 
so our goal is to prove the local existence of B and /i such that the second and the third equation 
of ([HI) are fulfihed. 

Remark 12. If D{g) > 3, the conclusion of this theorem is still true if we allow all, i.e., not 
necessary negative, values of B. In this case we even do not need the 'closedness' assumptions 
(i.e., the statement is local) and the existence of an ^.-projective vector field, see [T2j. Theorem |4] 
essentially needs the existence of an /i-projective vector field and is not true locally. 

5.1. The tensor A has at most two constant and precisely one non-constant eigenvalue. 

First let us prove 

Lemma 6. Let (Af, g, J) be a Kahler manifold of real dimension 2n > 4 and of degree of mobility 
D{g) ~ 2. Suppose f : M ^ M is an h-projective transformation for g and let A be an element 
of Sol{g). Then f maps the set of typical points of A onto . 

Proof. Let a; be a point of A'P . Since the characteristic polynomial of {f*A)\x is the same as 
for we have to show that the number of different eigenvalues of {f*A)]^r^ and A]^^ coincide. 

If A is proportional to the identity on TM , the assertion follows immediately. Let us therefore 
assume that {A, Id} is a basis for Sol((7). We can find neighborhoods Ux and f{Ux) of x and f{x) 
respectively, such that A is non-degenerate in these neighborhoods (otherwise we add t - Id to A 
with a sufficiently large t £ M+). By g = (det A)~2g o A~^,g, f*g and f*g are /i-projectively 
equivalent to each other in Ux. By direct calculation, we see that f*A = f*A{g,g) — A{f*g, f*g). 
Hence, f*A is contained in So\{f*g). First suppose that A{g, f*g) is proportional to the identity. 
We obtain that 

f*A = aA + pid 

for some constants a,/?. Since a 7^ (if A is non-proportional to Id, the same holds for f*A), 
the number of different eigenvalues of {f*A)\x is the same as for A\x- It follows that f{x) G A/°. 
Now suppose that A{g, f*g) is non-proportional to Id. Then, the numbers of different eigenvalues 
for A\x and A{g, f* g)\x coincide. By Lemma[I] D{f *g) — 2 and {A{g, f* g)^^ ,ld} is a basis for 
Sol(/*g). We obtain that 

f*A = ^A{gJ*gy'+Sld 

for some constants 7 9^ and S. It follows that the numbers of different eigenvalues of {f*A)\x and 
A(g, f*g)'^^ coincide. Thus, the number of different eigenvalues of (/*A)|^ is equal to the number 
of different eigenvalues oi A\x- Again we have that f{x) G Af° as we claimed. □ 
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Convention. In what follows, {M,g,J) is a closed, connected Riemannian Kahler manifold of 
real dimension 2n > A and of degree of mobility D{g) — 2. We assume that v is an h-projective 
vector field which is not affine. We chose a real number to such that the pullback g := {^to)*9 
not affinely equivalent to g. Let A = A{g,g) be the corresponding element in Sol{g) constructed by 
formula ((2|l. 

Lemma 7. The tensor A and the h-projective vector field v satisfy 

(15) £vA:^c2A'^ +ciA + cqU 
for some constants ci ^ 0,Ci,Co. 

Proof. Note that the vector field v is also /i-projective with respect to the metric g and the degrees 
of mobility of the metrics g and g are both equal to two (see Lemma [1]). Since A = A{g,g) is 
not proportional to the identity and A{g,g) = A{g,g)^^ e Sol(^), we obtain that {A, Id} and 
{A~^,Id} form bases for Sol((7) and Sol(^) respectively. It follows from Lemma[2]that 

9'' o C^g - ''-^^l^f^'h d = (3,A + /32ld, 

(16) ^ ' 

for some constants ^i,/?2,/33 and /34. Taking the trace on both sides of the above equations, we 
see that they are equivalent to 

g-^ o Cvg = l3iA+ (i/3itraceA+ {n + 1)/J2) Id, 
^^'^^ g-^ o C^g = /J3 + (i;33 trace A-'^ + {n + l)/34) Id. 

By (O, g can be written as g — (det A)^^g o A^^. Then, 

g-^oC^g^ (det A)^Aog-^oC^{{dei Ay^goA-^) 

= -i(det A)-\Cy det ^)Id + ^ o {g-^ o C^g) o A'^ - {CyA) o A-\ 

We insert the second equation of (fT7|) in the left-hand side, the first equation of (|T7|) in the 
right-hand side and multiply with A from the right to obtain 

/Said + (i/33 trace A- 1 + {n + l)/?4) A 

= -i(dct A)-\£ydct A)A + l3iA^ + trace A + (n + l)/32) A - 

Rearranging the terms in the last equation, we obtain 

(18) CyA^C2A^ +C1A + C0IA 

for constants C2 — Pi, Co — — /?3, and a certain function ci. 

Remark 13. Our way to obtain the equation is based on an idea of Fubini from [T^ used in 
the theory of projective vector fields. 

Our next goal is to show that C2 — 0. If /?i ~ 0, the first equation of (|17p reads 

Cvg = {n+l)/3g 

hence, v is an infinitesimal homothety for g. This contradicts the assumption that v is essential 
and we obtain that C2 = /?i 7^ 0. 

Now let us show that the function ci is a constant. Since A is nondegenerate, ci is a smooth 
function, so it is sufficient to show that its differential vanishes at every point of Af°. We will work 
in a neighborhood of a point of Af". Let U E Ea{p) be an eigenvector of A with corresponding 
eigenvalue p. Using the Leibniz rule for the Lie derivative and the condition that U G Ej^{p), we 
obtain the equations 

Cv{AU) = Cv{pU) = v{p)U + p[v, U] and C,{AU) = {C,A)U + A{[v, [/]). 

Combining both equations and inserting CyA from (|18p . we obtain 

(w(p) - C2P^ - cip - Co)U - (A - pld)[t;, U]. 
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In a basis of eigenvectors {[/,, JUi} of A from the proof of Theorem |31 we see that the right-hand 
side does not contain any component from Ea{p) (i-e., the right-hand side is a hnear combination 
of eigenvectors corresponding to other eigenvalues). Then, 

(19) ci = v{ln{p)) - C2P - — and {A - plA)[v, U] = 0. 

P 

These equations are true for all eigenvalues p oi A and corresponding eigenvectors U . Note that 
p ^ since A is non-degenerate. By construction, the metric g (such that A — A{g,g)) is not 
affinely equivalent to g, in particular, A has more than one eigenvalue. Let he W £ Ea{^) and 
p 7^ /i. Applying W to the first equation in (I19p and using Proposition [TJ we obtain 

W{ci) = [W,v]{Hp))- 
The second equation of ([TO)) shows that [v,W] =0 modulo Ea{p)- Hence, 

W{ci) = 0. 

We obtain that U{ci) — for all eigenvectors U of A. Then, dci = on Af°. Since Af° is dense in 
Af , we obtain that dci = on the whole M implying ci is a constant. This completes the proof 
of Lemma [T) □ 

Convention. Since C2 7^ 0, we can replace v by the h-projective vector field -^v. For simplicity, 
we denote the new vector field again by v; this implies that equation psp is now satisfied for 
C2 = 1: instead of we have 

(20) A,A = A^ + ciA + Cold 
for some constants Ci,Co. 

Remark 14. Note that the constant f3i in the proof of Lemma[7]is equal to C2. With the convention 
above, the first equation in ()16p now reads 



^01 ^ A -1 r trace(g ^ o C.^g) 

(21 Ay=g oCvg — — ld = A + l31d 

2(n + 1) 

for some /3 G M. 

Remark 15. In the proof of Lemma[71 we had to do some additional work to show that ci is indeed 
a constant. This problem does not appear if we use the ft,-projectively invariant formulation of 
equation ([3]) . We introduce this approach in Appendix |X] where we also give an alternative proof 
of Lemma [71 

Lemma 8. The tensor A has precisely one non-constant eigenvalue p of multiplicity 2 and at 
least one and at most two constant eigenvalues (we denote the constant eigenvalues by pi < p2 
and their multiplicities by 2ki and 2/c2 = 2n — 2ki — 2 respectively; we allow ki to be equal to 
and n — 1; if ki — 0, A has only one constant eigenvalue p2 and if ki — n — I, than A has only 
one constant eigenvalue pi). Moreover, the eigenvalues satisfy the equations 

= pI + cipi + Co = P2 + C1P2 + Co 
^ip) = P^ + cip + Co 

for the constants ci,Cq from (|20p . For every point x G A/*^ such that dp^x 7^ and v(x) 7^ 0, the 
evolution of the non-constant eigenvalue p along the flow line $4 (x) is given by 

(23) p(i) = -y - tanh(v^(t + rf)), 

where a — jcf — cq is necessarily a positive real number. 
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Pl = -f 



P2 = -i 




Figure 3. The behavior of the restriction of the eigenvalues to the integral curve 
of v: at most two eigenvalues, pi and p2, are constant; they are roots of the 
quadratic polynomial X'^ + ciX + cq. Precisely one eigenvalue, p, is not constant 
along the integral curve and is given by ((23)) . 



Proof. We proceed as in the proof of Lemma [T) Applying equation (I^Ul) to an eigenvector U of A, 
corresponding to the eigenvalue p yields 

(p2 + + Co - v{p))U = -{A - pli)[v, U]. 

Since the right-hand side does not contain any components lying in Ea{p), we obtain that 

(24) {A - pid) [v,U]=0 and v{p)=p^ + cip + cq 

for all eigenvalues p of A and all eigenvectors U G Ea (p) ■ 

In particular, each constant eigenvalue is a solution of the equation + cip + cq — 0. This 
implies that there are at most two different constant eigenvalues pi and p2 for A as we claimed. 

On the other hand, let p be a non-constant eigenvalue of A (there is always a non-constant 
eigenvalue since otherwise, the vector field A vanishes identically on M and therefore, the metrics 
g and g (such that A — A{g, g)) are already affinely equivalent, see Remark[3]) and let x € M° be 
a point such that dp^^ ^0 and v{x) ^ 0. The second equation in ([M)) shows that the restriction 
of p to the fiow line 3*t (x) of v (i.e., p{t) := p($j (a;)) satisfies the ordinary differential equation 

(25) p = p^ + cip + Co, where p stays for ^p. 

This ODE can be solved explicitly; the solution (depending on the parameters ci, co) is given by 
the following list. We put a — — cq. 

• For a < 0, the non-constant solutions of equation (|25p are of the form 

— ^ ~ atan(\/^^(— t -I- d)). 

• For a > 0, the non-constant solutions of equation (|25l) take the form 



ci 
' 2 



ci 



For a 



/a tanh(\/a(i + d)) or ^ — \/a coth{\/a{t + d)). 

0, the non-constant solutions of equation (|25p are given by 

ci 1 
2 i + d' 



Since the degree of mobility is equal to 2, we can apply Lemma |6] to obtain that the flow maps 
M° onto M°. It follows that p{t) satisfies equation (|25p for all t g M. However, the only solution 
of (j25[) which does not reach infinity in finite time is 

— — ^/a t'd.nh{\/a{t + d)), 
where a = ^ — cq is necessarily a positive real number. 

We obtain that the non-constant eigenvalues of A satisfy equation ([2^)1 . in particular, their images 
contain the open interval (^^ ~ + v^)- Suppose that there are two different non- 

constant eigenvalues p = — ^ — ^/ata.nh{^/a{t + d)) and p = — 



y/ata,nh{y/ait + d)) of A. 
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Then we can find points xq^xi,X2 G M such that p{xq) < p{xi) < p{x2). This contradicts the 
global ordering of the eigenvalues of A, see Theorem It follows that A has precisely one 

non-constant eigenvalue p. This eigenvalue restricted to flow lines of v satisfies equation 
By Corollary [21 the multiplicity of p is equal to two. We obtain that there must be at least one 
constant eigenvalue of A. Finally, Lemma [8] is proven. □ 

Corollary 5. In the notation above, all eigenvalues pi,p,p2 are smooth functions on the manifold. 

Proof. The eigenvalues pi , p2 are constant and are therefore smooth. The non-constant eigenvalue 
p is equal to ^trace A — fcipi — {n — 1 — ki)p2 and is therefore also smooth. □ 

Lemma 9. Let A have only one non-constant eigenvalue denoted by p. On M^p^o '■— {x G M : 
dp\x 7^ 0}, the vector fields A and A are eigenvectors of A corresponding to the eigenvalue p, i.e., 
Ea{p) = span{A, A}. 

Moreover, Mdp^o is open and dense in M and A(p) ^ on M^p^o- 

Remark 16. Note that the second part of the assertion above is still true even locally and even if 
there are more than just one non-constant eigenvalue. The proof is based on the existence of a 
family of Killing vector fields (one for each non-constant eigenvalue) and is given in Proposition 
14]. 

Proof. First of all, since p is the only non-constant eigenvalue of A and p has multiplicity equal 
to 2 (see Corollary [2]) , we obtain A = ^gradtraceA = ^gradp. 

By Proposition [TJ A is an eigenvector of A corresponding to the eigenvalue p. Since the 
eigenspaces of A are invariant with respect to the complex structure J, we immediately obtain 
Ea{p) — span{A, A}. Moreover, since gradp is proportional to A, we have A{p) = and A{p) ^ 
on Mdp^o. 

Obviously, Mdp^o is an open subset of M. As we explained above, dp^^ = 0, if and only if 
A(x) = A(x) = 0. Then, M\Mdp^Q coincides with the set of zeros of the non-trivial Killing vector 
field A. We obtain that A/^p^o is dense in M. □ 

Let us now consider the critical points of the non-constant eigenvalue p: 

Lemma 10. At every x such that dp^^ — 0, p takes its maximum or minimum values p = 

— ^ ± -v/tt; where a = -j- — cq and ci , cq are the constants from the equation pOp . Moreover, v ^ 
on Mdp^o- 

Proof. Since the subsets M^^q and Mdp^o are both open and dense in M (see Corollary [3] and 
Lemma in]), we obtain that — A/„^o H Mdp^o is open and dense in Af as well. Equation (I23p 
shows that — ^ ~ < Pi^) < + ^ ^ Since is dense, we obtain 

Cl /— , , Cl ^ 

-y ~ va < p[x) < + Va 

for all X € M. Now suppose that dp^^ = for some x G M. It follows from equation ([22| that 
p{x) satisfies = dp\r^{v) = p{x)'^ + cip{x) + cq, hence, p{x) is equal to the maximum or minimum 
value of p. Now suppose v{x) = 0. By (j22ll . p takes its maximum or minimum value at x. It 
follows that dp^^ — 0. □ 

5.2. Metric components on integral manifolds of span{A, A}. By Lemma[51 A has precisely 
one non-constant eigenvalue p and at most two constant eigenvalues pi and p2. The goal of this 
section is to calculate the components of the restriction of the metric g to the integral manifolds 
of the eigenspace distribution Ea{p) = span{A, A}. In order to do it, we split the tangent bundle 
on Mdp^o into the direct product of two distributions: 

Di := span{A} and D2 := = span{A} ® Ea{pi) ® Ea{p2) 

First let us show 

Lemma 11. The distributions Di, D2 and Ea{p) o-re integrable on Mdp^o. Moreover, integral 
manifolds of Di and Ea{p) are totally geodesic. 
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Proof. Since A is a gradient, the distribution D2 is integrable. On the other hand, Corohary 
2] immediately impUes that Ea (p) is integrable. The distribution Di is one-dimensional and is 
therefore integrable. In order to show that the integral manifolds of Di and Ea{p) are totally 
geodesic, we consider the (quadratic in velocities) integrals /o,/i,/2 : TM — M given by 

(26) /o(C) -5(A,C)^/l(C) = {i^F.iO) |t=p, and h{0 = {j^F.iO) \t=,, , 

where 2fci, 2fc2 are the multiplicities of the constant eigenvalues pi, p2 of A. 

If s : TM — > R is a quadratic polynomial in the velocities, we define the nullity of s by 

nulls := {C e TM : s(C) = 0}. 

In the orthonormal frame of eigenvectors of A from the proof of Theorem [31 the integrals Ft are 
given by pi?)) , and it is easy to see that 

nullJi = EAip) © Ea{p2), null/2 = EAip) © £^a(pi) and null/o = span{A} ® £^^(^1) ® £^^(^2)- 

It follows that Di = null/o H null/i n null/2 and Ea{p) = null/i n null/2. Since the functions 
are integrals, if 7(0) S null/i , then ^{t) G null/i for all t. Then, every geodesic 7 such that 
7(0) G Di (resp. Ea{p)) remains tangent to Di (resp. Ea{p))- Thus, the integral manifolds of 
Di and Ea{p) are totally geodesic. □ 

Let us introduce local coordinates x^.x^, ...,a;^" in a neighborhood of a point of Mdp^o such 
that (for all constants Ci, ...,C2„) the equation x^ — Ci defines an integral manifold of D2 and 
the system {x' — Ci}i^2,...,2n defines an integral manifold of Di. In these coordinates, the metric 
g has the block-diagonal form 

2n 

g — giidx^ (E) dx^ ^ gijdx^ (E) dx^ . 

hj=2 

In what follows we call such coordinates adapted to the decomposition TM\Mdp^a — ^1 ® ^2- Let 
us show that the ^.-projective vector field v splits into two independent components with respect 
to this decomposition: 

Lemma 12. In the coordinates adapted to the decomposition TAI^nj^^^^ = Di®D2, 

the h-projective vector field v is given by 

(27) V = v\x^)di + v2(a;2, a;2")52 + ... + v^'^ix? , a;^")^; 



2n 



Proof. Since A is an eigenvector of A corresponding to the non-constant eigenvalue p, the first 
equation in (|24p implies that 



[v, A] /A + hA 

for some functions /, h. If we apply dp to both sides of the equation above, we obtain A{v{p)) — 
A(/9^ -I- cip + Co) = on the left-hand side and hA{p) on the right-hand side. Since A{p) ^ on 
Aldp^o, we necessarily have h ~ {). By definition v is holomorphic and since A — J A, we see that 
the equations 

(28) [t;,A]=/Aandb,A] = /A 
are satisfied. 

For an eigenvector U of A, corresponding to some constant eigenvalue /i, the first equation in (|24l) 
shows that 

(29) [v,U]eEA{p). 

For each index i > 2, di is contained in D2. On the other hand, di is always proportional to A. 
We obtain 

di^A mod Ea{pi) © Ea{p2) and di A. 
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Using equation ([25]) and equation we see that 

[v, d^] e D2 for alH > 2 and [v, di] £ Di. 
This means that diV^ — and div^ — for all i > 2. Hence, 

as we claimed. 



□ 



Let us write v — vi + V2 with respect to the decomposition TM^M^p^o ~ Di ® D2 (as in 
P7D ). The vector fields vi and V2 are well-defined and smooth on Mdp^o- By Lemma \12\ we have 

[vi,V2] = 0. 

Lemma 13. The non-constant eigenvalue p satisfies the equation Vi{p) — + cip + cq and the 
evolution of p along the flow-lines of Vi is given by equation ([23]). Moreover, vi is a non-vanishing 
complete vector field on Mdp^o- 

Proof. Since by Proposition [T] and LemmalHlwe have dp{V) = for all V S D2, we have V2{p) = 



and, hence, vi{p) = v{p) 



■ cip -\- Co- Using Lemma fT2l we obtain that the restriction of p on 



the flow line ^f^{x) coincides with the restriction of p on ^'^ (cc) for all x G Mdp^o- Therefore the 
evolution of p along flow lines of vi is again given by equation ([23]) . 



Let us assume that vi{x) = for some point x S M^p^o- We obtain that = p^x) + cip{x) + cq, 
which implies that p{x) is a maximum or minimum value of p (see Lemma [TU]) . It follows that 
dp\x = Oj contracting our assumptions. 

Finally, let us show that vi is complete. Take a maximal integral curve cr : (a, b) Mdp^o of 
vi and assume b < 00. Since M is closed, there exists a sequence C {a,b), converging to b 
such that lim„ _> caO'(bn) = y for some y S M . Then, y £ M \ Al^p^o since otherwise the maximal 
interval (a, &) of a can be extended beyond b. Then, dp^y — 0, and Lemma 1101 implies that p(y) 
is equal to the minimum value \fot- We obtain that lim„ _> ooPicr{b„)) = — ^ — \/a. On 

the other hand, formula ([23]) shows that this value cannot be obtained in finite time b < 00. This 
gives us a contradiction implying vi is a complete vector field on Af^p^o- D 

Let us now calculate the restriction of the metric g to the integral manifolds of the distribution 
Ea{p) = span{t)i. A}. 

Lemma 14. In a neighborhood of each point of M^p^o, it possible to choose the coordinates 
t = x^,x'^, ...,a;^" adapted to the decomposition TM\f^,[^^^^ = Di ® D2 in such a way, that vi — di, 
K — 82 and 



( h 



(30) 



9 







.9(A,A) 







\ 



\ * *...*/ 

The functions h — g(vi,vi), g{A, A) and p depend on the first coordinate t only and are given 
explicitly by the formulas 



(31) 



h(t) = D- 

g{A, A) = (where p=^) and 
p{t) = - y/a tanh(ya(i + d)). 



The constants a > and C in equation (|3ip are defined as a ~ ^ — cq and C = — ^^^ci — (2fci + 
1 — n)y^+ (n + l)/3, where D > 0, d, /3, ci, cq G M and 2ki is the multiplicity of the constant 
eigenvalue pi . The constants ci , cq are the same as in equation (|20p . Moreover, ci , Co and /3 are 
global constants, i.e., they are the same for each coordinate system of the above type. 
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Proof. In a neighborhood of an arbitrary point of Af^p^oi l^t us introduce a chart 
adapted to the decomposition TM^^dp^o = ^i ® ^2- By Lemma [T^ and Lemma [T51 we can choose 
these coordinates such that the flow hue parameter t of vi coincides with (i.e., such that the 
first component of v in the coordinate system equals gfr)- By we have [w, A] € D2. Moreover, 
[t;2, A] £ D2 since Z?2 is integrable. It foUows that [wi. A] e -D2- On the other hand, since vi = fA 
for some function / and [A, A] — 0, we obtain that [wi. A] = — A(/)A S Di, implying 

[«i,A] =0. 

It follows, that we can choose the second coordinate in such a way that A = 92- 
Next let us show that h = gn depends on the first coordinate of the adapted chart only. For this, 
let / be an integral of second order for the geodesic flow of g such that / is block-diagonal with 
respect to the adapted coordinates t, x^, x^". For the moment we adopt the convention that 
latin indices run from 2 to 2?! such that /, considered as a polynomial on T*M, can be written as 
/ — I^^Pi + P^piPj. We calculate the poisson bracket = {H, 1} to obtain the equations 

(32) = r^dkg^^ - g'^dkl'^^ for aU i = 2, 2n. 

Inserting integrals / of special type, we can impose restrictions on the metric. Obviously the 
integrals /q, /i, /2 deflned in equation ([25)) are block-diagonal. On the other hand, in the proof of 
Lemma [TT] it was shown that they satisfy null/i = Ea{p)®Ea{p2), null/2 = Ea{p)(BEa{pi) and 
null/o = span{ A} Ea {pi ) ® Ea {p2 ) ■ It follows that the integral F = Iq + I1+ 12 \& block-diagonal 
and that its nullity is equal to Di. Then F can be written as F'^^pipj and the matrix {F'^^)ij>2 
is invertible at each point where the coordinates are defined. Replacing the integral / in equation 
(|32| with F yields 

for all 2 < z < 2n hence, the metric component 311 = {g^^)~^ depends on t only. 
Now let us show the explicit dependence of the functions h,p and g(A,A) on the parameter t. 
We already know that h = gu and p depend on t only (for p this follows from Proposition [T] and 
Lemma [9]) and by Lemma Il31 the dependence of p on the first coordinate t is given by equation 

(El. 



Recall that A = | trace A — ^p + const. It follows that dX — \pdt and hence, A — gradA — -^di. 
We obtain 

.(A,A) = i^. 

What is left is to clarify the dependence of the function h on the parameter t. Note that in the 
coordinates t, z^, x^", the /i-projective vector field v is given hy v ~ di + V2- Let us denote by 
h and p the derivatives of h and p with respect to the coordinate t and denote the restriction of g 
to the distribution D2 by g. Then we calculate 

(33) Cyg — Cy^g -I- Cy^g = hdt® dt + Cy^g + Cy^^g, 

where we used that V2{h) — and Cy^dt — which follows from [wi,W2] — and [f2,9i] G D2 for 
alH > 2. Note that Cy-^g and £1,3 do not contain any expressions involving dt (8) dx'^, dx^ (8) dt or 
dt (g) dt. On the other hand, we already know that Ay given in formula ^ satisfies equation (|2ip . 
After multiplication with g from the left, (PT|) can be written as 

ti-acc{g-^ o Cyg) 
2{n + 1) 

ior a = g o A and some constant 13. Calculating the trace on both sides yields 

Cyg = a + {13 + itrace(yl + ^Id)).g = a + {{n + l)/3 + p + kipi + k2P2)g- 



Now we can insert equation p3|) on the left-hand side to obtain 

(34) hdt^ dt + Cy^g + Cy.^g = a + {{n + 1)13 + p + fcipi + /c2P2)5- 
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Since equation p4p is in block-diagonal form, it splits up into two separate equations. The first 
equation which belongs to the matrix entry on the upper left reads 

h — (2p + C)h, where we defined C — fcipi + k2P2 + {n + l)/3. 

Integration of this differential equation yields 

h(t) = r)eC!t+2jpdt ^ ^g(C-ci)t-21n(cosh(V^(t+<i))) 

2 

for a = ^ — cq > and some constants d and D > 0. If we insert the formulas pi = — \fot 
and P2 = + \foL for the constant eigenvalues in the definition of the constant C, we obtain 

n — 1 

C = —cx - (2/ci + 1 - + (n + l)/3. 

Finally, Lemma [TH is proven. □ 
The formulas (l5Tt in Lemma [U show that the restriction 

(35) 5|s.(rt= ( ^(A°A) 

of the metric to the integral manifolds of the distribution Ea [p) — span{t)i , A} (the coordinates 
are as in Lemma 1141 i.e., di = vi and 82 — A) depends on the global constants ci,co,fci and /3. 
The constants D and d are not interesting; they can depend a priori on the particular choice of 
the coordinate neighborhood. Note that ci and cq are subject to the condition a — c\/A~ C{) > 0. 
Now our goal is to show that we can impose further constraints on the constants such that the 
only metric which is left is the metric of positive constant holomorphic sectional curvature. So 
far, we did not really use that the manifold is closed, indeed, most of the statements listed above 
still would be true if this condition is omitted. However, as the next lemma shows, the condition 
that AI is closed imposes strong restrictions on the constants from Lemma 

Lemma 15. The constants from the formulas (j3ip of Lemma fT^ satisfy C = Ci. In particular, 
the function h = g{vi,vi) has the form 

D 



(36) h{t) 



cosh-^ {y/a{t + d)) 



Proof. First we will show that certain integral curves of vi always have finite length. Let Xmax 
and Xmin be points where p takes its maximum and minimum values respectively. We consider a 
geodesic 7 : [0, 1] — > M joining the points 7(0) — x^ax and 7(1) = x^in- We again consider the 
integrals Io,Ii,l2 ■ TM — ^ M given by Since the Killing vector field A vanishes at x^ax; 

we obtain that = /o(7(0)) = ^o(7(i)) for all t G [0,1]. By Lemma [T51 p{x-^^^) is equal to the 
constant eigenvalue p2 — + \foL. It follows that /2(C) — for all C, € T^^^^^M , in particular, 
^2(7(0)) = 0. This implies that /2(7(t)) = for all t e [0, 1]. Similarly, considering the point Xmin, 
we obtain /i(7(t)) = for all t G [0, 1]. In the proof of Lemma [TI] we already remarked that the 
distribution Di is equal to the intersection of the nullities of /o,/i and 12- It follows that '^{t) 
is contained in Di for all < t < 1. This implies that 7|(o,i) is a reparametrized integral curve 
(7 : M — >■ Af of the complete vector field vi. In particular, the length 

(37) lg{a) = / ^g{cT{t),&{t))dt = / ^ g{v^,v^){a{t))dt = 



of the curve a is equal to the length (71 [0,1]) of the geodesic 7. We obtain that lg{cr) is finite. By 
equation ([57|) . a necessary condition for lg{(j) to be finite is that h{t) — >■ when t 00. Note 
that h{t) is given by the first equation in ((3T|) (for some constants D,d that can depend on the 
particular integral curve a). From formula (pijl. we obtain that \/h{t) for i — )• 00 is asymptotically 
equal to 
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The finiteness of Ig (a) now implies the condition 

(38) _£_£l + l>0 

on the global constants given in equation pip . Let us find further conditions on the constants. 
Since M is assumed to be closed, the holomorphic sectional curvature 

^ g{vi,R{vi,A)A) ^ fli2i2 
- giv,,v,)giA,A) " hg{A,A) 

of Ea{p) has to be bounded on M. Since the integral manifolds of Ea{p) are totally geodesic (by 
Lemma [TT|). the sectional curvature Kea(p) is equal to the curvature of the two dimensional metric 
([35| . After a straight-forward calculation using the formulas ([3T|) for h and (/(A, A), we obtain 



KEA(p)(t) = 



AD 



(-4co -C^ + 2Cci) e-(^-=i)* -(C - ci)" cosh(2yS(t + rf))e-(^-^i)* 



(39) -2(C--Cl)^/a sinh(2v^(t + d))e" 



=• ^(7i/iW+72/2(t)+ 73/3(0). 

Similar to the first part of the proof, we can consider the asymptotic behavior i — > cx) of the 
functions f2{t), fsit) appearing as coefficients of the constants 72, 73 in formula (I39p . We substitute 
s = 2y/a{t + d) and obtain 



c- 



L + l)t 



f2(s) cosh(s)e ^ eV / -=> 00, 

/3(.)^sinh(s)e-'^^ ^ el-'^+O* ^ 00. 

As we already have mentioned, the sectional curvatures of a closed manifold are bounded and 
hence, -f^£;^(p)(t) must be finite when t approaches the limit t — > 00. Using the formulas for the 
asymptotic behavior of f2{t) and /^{t) given above, this condition imposes the restriction 72 = —73 
on the constants in equation (|39|) . Similarly, considering the asymptotic behaviour for t — 00, 
we obtain 72 = 73. Note that the dominating part in sinh(2-\/a(t + d)) now comes with the minus 
sign. It follows that 72 = 73 = 0, hence, 

(40) C - ci = 



as we claimed. Liserting equation ()40p in the first formula of pip , the metric component gn — h 
takes the form ([36)) . Lemma [TSl is proven. □ 

Remark 17. If we insert 72 = 73 = and C = ci in the formula p9p for the sectional curvature 
of Ea{p), we obtain that K^^^p) = is constant and positive as we claimed. 

5.3. Proof of Theorem [4l Our goal is to prove TheoremU) we need to show the local existence 
of a function p and a constant B such that the system (fHl) is satisfied. 

Lemma 16. At every point x € M , the tensor A and the covariant differential VA are simulta- 
neously diagonalizable in an orthogonal basis. More precisely, let U € Ea{pi) and W € Ea{p2) be 
eigenvectors of A corresponding to the constant eigenvalues. Then we obtain 

VaA = (0 + (/)V')A, 
VaA = (0 + (/)V')A, 

p-pi ' 

P-P2 
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The functions (p and tp are given by the formulas 

1 p Ih 

Proof. Since the distribution Di has totally geodesic integral manifolds (see Lemma [TT|) . V^^wi is 
proportional to vi . Let us define two functions (p and ^ by setting 

(43) A =: (pvi and Vt,^ui —: 'ipvi- 

It follows immediately that g(A,A) = (jy^h. On the other hand, h — 2g(V,jjtii, wi) — 2ijjh. Using 
the equations (j3ip in Lemma fT4l we obtain 



(44) ^=ll^^''^ = ll- 

Note that the function (j) has to be negative since p decreases along the flow-lines of vi while it 
increases along the flow-lines of A = ^grad p. By direct calculation, we obtain 

VaA = (PVy^ iPvi) = (j)pvi + 0^V„,wi = (00 + 4>'^i:)vi = {<j) + 0V') A. 

From the equation above, the relation A = JA and the fact that A is a holomorphic vector field, 
we immediately obtain 

VaA = JVaA = (0 + (t)ip)A 
and hence, the first two equations in (j4ip are proven. 

Now let U € Ea{pi) be an eigenvector of A corresponding to the constant eigenvalue pi. Using 
Proposition [Tl we obtain 

(45) V[/A = j[/ + /A + /A and WjyU = mod EAipi) 

Pi~ P 

for some functions / and /. The lie bracket of U and A is given by 

[U,K]^ fA + fAmodEA{pi). 

Applying dp to both sides of the equation above yields /A(p) — 0. Since A{p) 7^ on Mdp^o, it 
follows that / = 0. On the other hand, the first equation in (j45|) shows that 

it/(.9(A,A))-.g(Vt;A,A) = /.g(A,A). 

Since c?g(A,A) is zero when restricted to the distribution D2 (as can be seen by using the coor- 
dinates given in Lemma [T4|) . the left-hand side of the equation above vanishes and hence, f — 0- 
Inserting / = / = in the first equation of p5)) . we obtain the third equation in (|4T|) . If we 
replace pi and U by p2 and W € Ea{p2), the same arguments can be applied to obtain the last 
equation in (|4f p . Lemma \W\ is proven. □ 

Let (M, g, J) be a closed, connected Riemannian Kahler manifold of real dimension 2n > 4 and 
of degree of mobility D(g) = 2. Let v be an essential /i-projective vector field and to a real number, 
such that g — {^]!^)*g is not already affinely equivalent to g. Let us denote hy A — A{g,g) the 
corresponding solution of equation ([3]). 

We want to show that any point of A/^p^o has a small neighborhood such that in this neighborhood 
there exist a function p and a constant B < such that the covariant differential VA satisfies the 
second equation 

(46) VA = ^Id + BA 

in (fT4| . By Lemma [TBI at every point of M^p^o, each eigenvector of A is an eigenvector of VA. 
Since A has (at most) three different eigenvalues, equation (1461) is equivalent to an inhomogeneous 
linear system of three equations on the two unknown real numbers p and B. Using formulas (|4ip 
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from Lemma II6I we see that for x € M^ip^Q^ VA satisfies equation (|46p for some numbers ^ and 
_B, if and only if the inhomogeneous Hnear system of equations 

11 + pB = 4> + (j)^, 

(47) M + Pi5 = ^^, 

^ P-P2 

is satisfied. Now, according to Lemma [TJ] and Lemma [T51 in a neighborhood of a point of Mdp^o, 
the functions p, g{A, A), h, (f> and ip are given exphcitly by (1311) . ([36| and (|42|) . Let us insert these 
functions and the formulas — ^ ± y/ct for the constant eigenvalues pi < p2 (see Lemma in (|Tf)) . 
After a straight-forward calculation, we obtain that (|Tf|) is satisfied for 

a(f - ^/atanh(y^(i + , ^ , „ « 

(48) fi^ ^ =B(ci+p)andS = - — . 



We see also that the constant B is negative (as we claimed in Section [2?2|) . 

Using the equation A = ^ trace A = ^p + const, we obtain that p given by ([48|) satisfies dp = 
Bdp = 2BdX. Since A is the gradient of A, this is easily seen to be equivalent to the third equation 
in the system (fT4|). 

We have shown that in a neighborhood of almost every point of M, there exists a smooth 
function p and a constant B < 0, such that the system (|14p is satisfied for the triple {A, A, p). 

If A is another element in Sol((/) with the corresponding vector field A, then A = aA + bid 
for some a, 5 S M implying A = aA. By direct calculations we see that for an appropriate local 
function p the triple {A, A,p) satisfies the system ([14]) for the same constant B = B. Finally, 
Theorem |4] is proven. 

6. Final step in the proof of Theorem [T] 

As we explained in Section 12. 2[ it is sufficient to prove Theorem [T] under the additional as- 
sumption that the degree of mobility is equal to two. By Theorem SI for every A G Sol((7) with 
corresponding vector field A = igradtrace A, in a neighborhood U{x) of almost every point x £ M, 
there exists a local function p : U{x) K and a negative constant B such that the triple [A, A, p) 
satisfies the system (fHl) . 

Now, in [12, §2.5] it was shown that under these assumptions the constant B is the same for 
all such neighborhoods, implying that the system ([T4|) is satisfied on the whole M (for a certain 
smooth function /i : M — )■ M) . Note that in view of the third equation of ([T4l) , p is not a constant 
(if A is chosen to be non-proportional to the identity on TM) . 

By direct calculation (differentiating p and replacing the derivatives using the system (|14p ). we 
obtain 

(VV/i)(y, Z) = Wy{^zp) - Vv.zP ^ 2Bg{Z, VyA) 



Then, 



''^■'^^2B{pgiY,Z) + BgiAY,Z)). 



(VVVm)(X, Y, Z) = 2B{{Vxp)9{Y, Z) + Bg{{VxA)Y, Z)) 

eq. 1 of nH 



B{2{^xp)g{Y, Z) + 2BgiZ, A)g(X, Y) + 2Bg{Y, K)g{X, Z) 
+2BgiZ, A)g{JX, Y) + 2Bg(Y, A)g{JX, Z)). 
Inserting the third equation of (|14|) . we obtain that p satisfies the equation 

{VVVp){X, y, Z) = B[2{Vxp)9{Y, Z) + {Vzp)g{X, Y) + {Vyp)9{X, Z) 

49) 

-{Vjzp)g{JX,Y) - {^jYp)g{JX,Z)] 

for all X,y,Z e TM. 

Now by [56t Theorem 10.1], the existence of a non-constant solution of equation (|49|) with B < 
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on a closed, connected Riemannian Kaliler manifold implies that the manifold has positive 
constant holomorphic sectional curvature equal to — 4_B. Then, {M, —ABg, J) can be covered by 
(CP(n), (/i?5, J). Theorem[T]is proven. 
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Appendix A. iJ-PROJECTivELY invariant formulation of the main equation ^ 

A.l. iJ-projective structure. Let {M,J) be a complex manifold of real dimension 2n. Note 
that the defining equation ([1]) for /i-planar curves only involves the connection - it does not depend 
on the metric. 

Definition 6. Two symmetric complex (i.e., DJ = DJ = 0) affine connections D and D are 
called h-projectively equivalent if each /i-planar curve with respect to D is /i-planar with respect 
to D and vice versa. 

It is a classical result (see for example |47[ I57| ) that two symmetric complex afhne connections 
D and D are /i-projectively equivalent if and only if for a certain 1-form $ we have 

(50) DxY ~ DxY = $(y)X + $(A)y - $( JF) - $( JA) JF 

for all vector fields A, Y. 



Remark 18. If the symmetric afhne connections D and D are related by ([50|) and DJ — 0, then 
DJ = as well. 

Definition 7. An h-projective structure on (M, J) is an equivalence class [D] of /i-projectively 
equivalent symmetric complex affine connections. 

A. 2. iJ-projectively invariant version of equation Let (M, J) be a complex manifold of 
real dimension 2n. Denote by A^" := A^"T*M the bundle of 2r7,-forms on M. Note that it is a 
trivial line bundle since the complex manifold (M, J) is always orientable. The bundle (A^") 
of 2n- forms of " /i-projective weight" w is an one-dimensional bundle whose transition functions are 
the transition functions of A^" (which can be chosen to have positive values) to the power 2{,^+i) ■ 
Let us consider the bundle SjTM of symmetric hermitian (with respect to J) (2, 0)-tensors and 
define its "weighted" version SjTM{w) by 

SjTM{w) := S'}TM(g) (A^")^!^. 

For each choice of local coordinates x^, x^", the local section dx^ A ... A dx^" of A^" gives 
us a triviahzation for (A^") . Then, we can think that a section a € r{SjTM{w)) is a 
symmetric hermitian 2n x 2n— matrix with components u'^ = cr*^ (x^, x^"). If we make an 
orientation-preserving change of coordinates x^, ...,x^" i — > x^, the components cr'-' trans- 

form according to the rule 

(51) ^^^=fdotf^)y"^f^^.- 

^ ' \ \dx^JJ dxPdxt 

The covariant derivative of ct G T{S'^jTM{w)) with respect to a symmetric affine connection D is 
given by 

(52) DkO^^^ dko^^ +Vlia'= +Viia^' __!^rLa*^" 



usual covariant derivative for 2-tensors "V 

addition corresponding to 
2n-forms of weight vj 

where are the Christoffel symbols of D. 



PROOF OF THE YANO-OBATA CONJECTURE FOR /i-PROJECTIVE TRANSFORMATIONS 



25 



Theorem 5. Let a be an element of T {S'^jT M (2)) . Consider the equation 

(53) Dka^^ - ^{SlDia^' + SiDia^' + jy^Dia'^ + Jlr^Di.a'"^) = 0- 

Then, the following holds: 

(1) Equation (|53p is h-projectively invariant, i.e., independent of the connection D £ [D]. 

(2) Equation ()53p has a non-degenerate solution a (where non- degeneracy means that the 
matrix of components [a^^ ) is invertible everywhere ), if and only if there is a connection 
V G [D], such that V is the Levi-Civita connection of some Kahler metric. 

Remark 19. We do not pretend that Theorem [5] is new; it was known to D. Calderbank (pri- 
vate communication), and is completely analogous to the corresponding statement for projective 
structures treated in 



Remark 20. For a nondegenerate solution a of ([53| . the metric g given by formula ([57| below is 
a Kahler metric that is /i-projectively equivalent to the connection D. 

Proof. (1) The condition ([50)) for the /i-projective equivalence of the connections D and D can be 
rewritten locally as 

(54) Y]^-T)i, = 5]<^k + 5l<^,~J]j\A>i~JlJ]<^u 

where F^j. and r*^. are the Christoffel symbols of D and D respectively. Combining the equations 
([54| and (|52p . we can calculate the difference between the connections D and D when they are 
acting on a G r(S'}TM(2)). We obtain 

(55) Dj^a'^ = Dkcj'^ -f 5l^ia'^ + 5i^ia'' + J^JL'^K^'"' + JiJl^^iu'^ , 
and in particular, 

(56) Dia^' = Dia^' + 2n<^ia^^ . 

Replacing D with D in equation ([55)) and inserting the transformation laws ([551) and ([5B)) . we 
obtain that ([55)) remains unchanged if D is replaced by G [D] . 

(2) In one direction, (2) is trivial. Suppose that g is a Kahler metric that is /i-projectively 
equivalent to D. Let us denote by g~^ G F(S'jTM) the dual oi g (i.e.. g o g^^ — Id). We consider 
the non-degenerate element 

(T = g-^(g> (volg)^ G F(S'}TM(2)). 

Evidently, Vct = 0, where V is the Levi-Civita connection of g. By the first part of Theorem[51 D 
can be replaced with V in ([55)) and we obtain that cr is a solution of ([55)) . 

Let us proof (2) in the opposite direction. Let a G F(S'}TA/(2)) be a non-degenerate solution 
of ([53)) . Using the transformation law ([5T)) . it is easy to see that 



(57) g'^ =a'^det{a'^)\^ 

defines the components of a symmetric, hermitian (with respect to J) (2, 0)-tensor. Thus the 
corresponding dual (0, 2)-tensor 17 is a hermitian metric. Note that a and g are related by 

cr = «) (volg)^. 

It remains to show that the Levi-Civita connection of g is contained in [D]. We consider a 
connection D G [D] related to D by ([5i| such that 

(58) = -2^fT,„,Aa'", 

where the components cr.y are defined by a^^apj — Sj. Substituting ()58|) in equation (|56p shows 
that 

(59) Ao-'^ = 0. 



Replacing D with _D in ([55)) and substituting ([59)) . we obtain D^cr^^ — 0. Thus, _D is the Levi- 
Civita connection of g. By Remark[T8l -D satisfies DJ — which implies that g is indeed a Kahler 
metric. □ 
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Definition 8. Let [D] be an /i-projective structure on the complex manifold (M, J). We denote 
by Sol([L»]) C T{S^jTM{2)) the linear space of solutions of equation ([5^ . 

A. 3. An alternative proof of Lemma [7l Let {M,g, J) be a Kahler manifold and let V be the 

Levi-Civita connection of g. We assume that the degree of mobility (see Definition |4]) is equal 
to two. Clearly, we have that Sol([V]) is 2-dimensional. Suppose that the Kahler metric g is 
non-proportional and /i-projectively equivalent to g and consider the corresponding elements 

(60) a = g^^ (g) (volg)^ and a = g^^ <g) (volg)^, 

of Sol([V]). Since g and g are non-proportional, a and a form a basis for Sol([V]). 

Now let V be an /i-projective vector field for (M, g, J) (see Definition [J]). Thus, the Lie derivative 
Cy maps solutions of (1551) to solutions of ([55)) and, hence, restricts to an endomorphism of the 
2-dimensional vector space Sol([V]). With respect to the basis a, a of Sol([V]), the endomorphism 
Cy is given by 

, s Cya — Kiia + Ki2a, 

LyU = K21(T -f K220-. 

for some real numbers kh, ki2, K21, ^22- 

Consider the (1, l)-tensor A := aa^^. Combining (pO|) with equation we see that A coincides 
with A{g,g). We calculate 

LyA — {Cy<f)a^^ + (f{Cya^^) ~ {£ya)<7^^ — aa^^ {£y(7)a~^ . 

Substituting (|6ip. we obtain 

CyA = (K2icr + K22^)(y~^ - aa~^{Hiiia + Ki2a)<7~^ 

= K2lld + (k22 - fill)A - ^12^^. 

Hence, 

CyA = 02^2 + c\A + Cold 
for some constants C2, ci, cq. This is the assertion of Lemma [T] 
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